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In a quantum circuit composed of several coherent con¬ 
ductors, electronic transport depend on the global cir¬ 
cuit even when conductors are separated by distances 
greater than the electronic coherence length as, for in¬ 
stance, in the dynamical Coulomb blockade (DCBjSa. 
Consequently, classical laws of electricity such as the 
impedance composition law are violatecP. It is therefore 
important to look for quantum laws of electricity replac¬ 
ing the classical ones. They must be independent on de¬ 
tails of the dynamics such as coupling to the environment 
or screened Coulomb interactions within each conductor. 
For example, the recently derived universal relation be¬ 
tween current correlations and generalized admittances 
for non-linear time dependent transport in quantum cir- 
cuitif 4 is a consistancy condition valid independently of 
the details of the system’s initial density matrix, Hamil¬ 
tonian and coupling to its environment. 

Assuming thermal equilibrium also leads to system 
independent relations such as the standard fluctuation 
dissipation theorem (FDT^E) 

derived within a linear re¬ 
sponse theory. This FDT is now embraced by a general 
corpus of non-equilibrium fluctuation rel atio ns derived 
for charge transport in the classical regime^, non-linear 
DC transport through a single quantum conductor 9 and 
quantum circuits in the limit of weak environmental ef¬ 
fect^. However the validity of such results for quantum 
circuits involving strong environmental effects is still an 
open question. 

Such effects have been studied within the Dynami¬ 
cal Coulomb Blockade problem, first in a tunnel junc¬ 
tion coupled to a linear environment 11 . The case of a 
good conductor coupled to a small impedance was then 
considered 12 14 and further works 15 17 have completed 
our understanding of the DCB of the current for higher 
impedances. The question of the DCB of the noise has 
been explored theoreticalljff- 5 18 19 1, leading to experimen¬ 
tal investigation^ 20 !. The importance of fluctuation dis¬ 
sipation relations (FDRs) relating the finite frequency 


(FF) quantum noise to the DC non-equilibrium average 
current progressively emerged- 2122 . In fact, similar FDRs 
had been derived in the stationary regime in the frac¬ 
tional quantum Hall effeclP^ and^ for the symmetrized 
FF noise for free quasiparticle^HHl, j n presence of a lin¬ 
ear environment 26 and in presence of arbitrary interac- 
tioni 2 ^. 

In this Letter, we show that the FDR between the 
FF quantum noise and DC non-equilibrium current 21 is 
valid independently of the details of the conductor as well 
as of its environment provided the following hypotheses 
are satisfied : (i) validity and finiteness of perturbation 
theory, (ii) absence of superconducting current and (in) 
detailed balance in the limit of vanishing tunneling, a 
condition to be obeyed by the total tunneling operator, 
which includes phase fluctuations. 

This FDR can be exploited in various ways: first, it 
provides a test of the hypotheses (i)-(iii) when one mea¬ 
sures independantly both the average current and its FF 
noise. Secondly, it provides explicit predictions for the 
FF noise from the DC non-equilibrium current which is 
easier to compute than the noise. As an illustration, 
using the mapping between the DCB pr oble m and the 
Tomonaga-Luttinger liquid (TLL) theorjE^U, our FDR 
gives explicit predictions for the effect of an Ohmic en¬ 
vironment on the FF noise from that on the DC non¬ 
equilibrium current, thus extending previou^ 19 * 20 * 23 * 29 -! 
works. 

We consider a quantum circuit built from a two termi¬ 
nal conductor with possible strong correlations and cou¬ 
pled to an arbitrary environment involving other conduc¬ 
tors without any restriction (see Figure [l]). 

The circuit is biased by a DC voltage V and its Hamil- 
tonien is decomposed into 

H{t) =H 0 + e iu ^A + e-^yfl . (1) 

Here Ho involves internal or mutual Coulomb interac¬ 
tions as well as the environment. Charge transfer pro- 
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FIG. 1: A general two terminal conductor is embedded into a 
quantum circuit in which it is coupled to an impedance Z(ui) 
and/or other conductors constituting its environment. Here 
the conductor is a spatially extended tunnel junction with 
capacitive couplings. 


cesses across the junction are encoded within tunneling 
operators A and A' which include environment induced 
quantum fluctuations of the phase jump across the con¬ 
ductor. The DC bias V introduces a frequency scale 
Wdc = qV/H where q denotes the effective renormalized 
charge of transferred quasi-particles. The current opera¬ 
tor is defined as: 

J(t) = jr (e iWdc M - e _i “ dct ^ t ) . (2) 

Here we focus on FF noise expressed perturbatively with 
respect to A. Several approaches to this problem are 
possible. One could model the electromagnetic environ¬ 
ment in a quantum input/output approach, a first step 
in this direction being taken by Parlavecchio et al for a 
tunnel junction coupled to an LC oscillator 22 . On the 
other hand, the standard field theoretical approach fol¬ 
lowed here considers an adiabatic branching of tunneling 
from an initial condition at t — > —oo described by a den¬ 
sity operator pq. Since I(t) is of first order with respect 
to A, averages can be computed with respect to po and 
using the Heisenberg representation with respect to Ho- 

Ao(t) =e iHot Ae~ mot (3) 

To ensure absence of a super current in the limit of van¬ 
ishing tunneling whenever superconductors are present, 
we require that: 

(Ao(f)-4o(0))o = 0, (4) 

where (.. .)o = tr [po-..]. At the lowest order, the FF noise 
is given by 

S(w,u; dc ) = yV^-^/o^KoWlodt' (5) 

where Io(t) is obtained by replacing A in Eq. |2]) by Ao(t) 
given by Eq. ([3|. The detailed balance (hypothesis (in)) 
constrains the occupation probabilities of the many body 
eigenstates of the circuit in the limit of vanishing tunnel¬ 
ing to be given by a thermal distribution po with effective 
temperature T. This enables us to relate the FF quan¬ 
tum noise to the DC non-equilibrium current across the 
circuit (see Appendix |A|) : 

S(u, Wdc) = q [iV(cd dc +u)I (wdc + w) 

+(1 + iV(wd c — w))J(wdc ^ w)] (6) 


where /(wdc) denotes the non equilibrium dc current 
at bias voltage V and N(oo) denotes the Bose occupa¬ 
tion number at temperature T. This perturbative non- 
equilibrium FDR is the central result of this Letter. It 
is model independant and its validity solely relies on hy¬ 
potheses (i)-(iii). Note that Eq. (|6) also implies the FDR 
for the sym metrized noise previously derived in more spe¬ 
cific context^- 24 ! 26 27 : 


Let us now analyze the various regimes of the FF noise 
S(u>, Wdc) as a function of u> and Wdc at fixed temperature 
T. First of all, its asymmetry with respect to to is related 
to the non-equilibrium admittance G(ui, u;dc)W As a con¬ 
sequence, both quantities have a perturbative expression 
in terms of the non-equilibrium DC current 40 : 

S(-w,w d c) - SV,w dc ) = 2fiw!ft(G(w,Wdc)) (7a) 
= q{I(udc + w) - 7(wdc - w)} . (7b) 

Secondly, the noise dc ) is even with respect to w dc 

whenever particle-hole symmetry holds: in that case, a 
spectral decomposition shows that the DC characteristic 
is odd. Generically /(w dc ) has the same sign as w d c and 
/(w dc = 0) = 0. 

Being mostly interested in the quantum regime, we 
shall explore frequencies Wdc and u> well above the ther¬ 
mal scale ksT/H. Since Hu represents the energy of pho¬ 
tons emitted (w > 0) or absorbed (w < 0) by the con¬ 
ductor, it is natural to compare it to the energy scale 
\qV\. This leads us to partition the (w,Wd c ) plane into 
four quadrants (see Fig. [2]) separated by diagonal bands 
?i|a;±Wdc| 1$ ksT in which thermal fluctuations turn out 
to play a role even in the quantum regime. 
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FIG. 2: (Color online) Various regimes for the noise as a 
function of u and Wdc- The (w,u;dc) plane is partitioned into 
four quadrants separated by diagonal bands of width k B T/h 
(orange) corresponding to the typical energy scale of ther¬ 
mal electron/hole pairs. The quantum regime corresponds to 
fi|w| k B T or fi|wdc| ^ k B T whereas the thermal regime 
corresponds to both hu> and hu>d c much smaller than k B T. 
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We first look at the physics far from these bands. In the 
u> > |wdc| quadrant (see Fig. [2]), the system cannot emit 
any photon (at first order in perturbation theory). There¬ 
fore, we expect the FF noise to vanisfffi S(ui, Wd c ) = 0. 
Then, Eq. 0 leads to the expression of the FF noise in 
the w < — |wdc| quadrant where it represents the ability 
of the circuit to absorb radiation. It is then naturally 
related to the dissipative part of the non equilibrium ad¬ 
mittance (see Eq. Q): 5(cc,o; dc ) = 2hoj^(G(u J ,oj dc )). 
When particle-hole symmetry holds, S(— w,0) = 2 ql(uj) 
which reduces to the usual expression for the FF equilib¬ 
rium noise only for a linear system. 

We now consider the off-diagonal quadrants |w dc | > 
cc |: the vanishing of Bose occupation numbers there 
implies that the FF noise is proportional I(ui dc — lo) 
(see Fig. 0. In particular, at zero frequency and for 
\qV\ k B T, the noise has a Poissonian expression: 


S(0,u} dc ) = ql(u} dc ) ( 8 ) 


shown here to be valid for an extended and interacting 
tunneling region 31 32 with a generic environment whereas 
it was originally derived for an isolated tunnel junction 
between decoupled conductor!®. 

Let us then look into diagonal bands where thermal 
fluctuations generate neutral excitations with energies 
below k B T. In the thermal regime, when both w and 
Wdc are smaller than k B T/H , we recover the Johnson 
Nyquis!® noise 5(0,0) = 2 k B TG(T) where G(T) = 
G(w = 0,w dc = 0,T) is the linear conductance which 
may depend on temperature. Remarquably, at positive 
frequencies, in the quantum regime, the FF noise along 
the diagonals is half of the equilibrium noise whereas for 
negative frequencies, it picks up an extra non-equilibrium 
contribution ±qI(to dc — w). 

At finite frequency, one usually measures the differen¬ 
tial of the FF noise with respect to the DC voltage or 
equivalently w d c- In particular, at low frequency, Eq. (0 
implies that this differential noise is related to the differ¬ 
ential conductance for \qV\ <C k B T: 


dS 

&i*J dc 


(T) = k B T 

CJ=CL»dc=0 



( 9 ) 


This relation has been derived for weak environmental ef¬ 
fects 10 and for an isolated interacting quantum conductor 
within a Hartree framework®. It has been experimentally 
tested in quantum dots®!. 

To illustrate our general result, we will now use Eq. 0 
to obtain explicit predictions for the FF noise of a single 
channel conductor in series with an Ohmic impedance 
R. As shown theoretically 15 and confirmed experimen¬ 
tally this situation can be described in terms of a local¬ 
ized barrier in a Luttinger liquid (TLLj® 37 with interac¬ 
tion parameter K = (1 + R/R q ) _1 < 1 where R q = h/e 2 . 
A stronger coupling to the environment thus corresponds 
to stronger repulsive interactions in the TLL. The tun¬ 
neling regime ( R q G <C 1) of the DCB problem corre¬ 
sponds to a strong barrier in the TLL, i.e to the vicinity 


of its IR fixed point (K < 1) whereas a good conductor 
( R q G ~ 1) corresponds to the case of a weak barrier, i.e. 
to the vicinity of its unstable UV fixed point 37 . 

Consequently, for a good conductor, we expect pertur¬ 
bative results to be valid when the largest energy among 
\qV\ and k B T is greater than E B , an intrinsic energy 
of this impurity problem scaling as E B ~ hu rc(1 ~ 
T )i/ 2 (i-if) in terms 0 f j = R q G(R/R q = 0)< 1, the 

bare transmission (no DCB) of the conductor 15 16 1 and of 
the UV cutoff of the problem wrc- A linear DC char¬ 
acteristic V = (R + R q )I corresponding to the series 
addition of resistances is recovered when k B T » \qV\ 
and ma x(k B T, \qV\) E B . For a good conductor, volt¬ 
age division within the circuit then leads to a charge 
renormalization q = —eR q /(R + R q ) = —eK. When 
\qV\ k B T , keeping \qV\ E B , the DC character¬ 
istic is no longer linear: I(V,T) = KV/R q — I B (V,T) 
where I B (V,T ) is the weak backscattering current. Pre¬ 
dictions for the backscattering noise S B (oj,uj dc ) follow 
from Eq. 0 and from the perturbative expressiorP® 


I b (V,T) = VG a (T) 


sin h (2fe B r) r (a + 2iX b t) 


gv 

2 k B T 


F(A ) 2 


( 10 ) 

and 

scal- 


where A is equal to K < 1 , q = —Ke 

Ga(T) is a backscattering conductance 
ing as Ga(T)/G' a =i(T) = (r(A) 2 /T(2A)) x 

(fiw R c/7r£: B T) 2(1 ~ A ) (see Appendix [0. In fact, Eq. ( fIo| ) 
is valid as long as max(|gV|, k B T) > E B . Consequently, 
for k B T E b , Eq. (10) can be used in Eq. 0 without 
further restrictions on ( uj,ui dc ) whereas, at lower tem¬ 
peratures ( k B T < E b ), our result for S B {u>,u> dc ) is valid 
for h\uj dc ± u >| greater than E B . 

Remarkably, the mapping of the DCB on the TLL 
model also gives access to the low energy behavior 
(\qV\ E b and k B T <C E B ) of a good conductor. 
This behavior also describes the low energy physics of a 
tunnel junction due to the strong DCB 15 . Perturbation 
theory can then be applied close to the IR fixed point 
corresponding to a disconnected TLL. Since the total ef¬ 
fective resistance of the circuit is now much larger than 
R, no voltage division takes place thus giving q = — e. 
Eq. (10) can then be used to compute I(V,T ) with 
A = AT -1 = 1 + R/R q > 1 and G A (T) then corre¬ 
sponds to the linear conductance G(T). Predictions for 
S(co,u)dc) from Eq. 0 are now valid when \Hui\ <C E B 
and \qV\ <C E B . They apply as well to a weakly trans¬ 
mitting conductor where perturbation theory is expected 
to be valid for all energy scales smaller than the cutoff 
energy Huj B c- 


To understand the effect of the environment on the 
FF noise in both regimes, we plot the ratio S B (uj,oj dc ) 
of the noise for R 7 ^ 0 to its value at R = 0 (no DCB). 
We present our results assuming huj B c =40 E B and for 
two values of R: R = R q /2 (K = 2/3) and R = 2 R q 
(K = 1/3). Note that the FF noise is even with respect 
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to Wdc due to the electron/hole symmetry of the TLL 
model. 

Figure [3] presents Sr(lj, uidc) for a good conductor, as¬ 
suming ksT/Es = 5. In this regime, Sr(uj,u> d c ) > 1: 
the environment enhances the backscattering noise. This 
enhancement is especially strong in the thermal regime 
and for the emission noise within the diagonal bands 
|ui — |wdc|| ksT/H. It becomes even stronger and more 
concentrated along the diagonal bands with increasing 
R. This apparently surprising result comes from the fact 
that increasing R leads to a stronger DCB of the total 
current corresponding to an increase of Ig and corre¬ 
spondingly of its FF noise. 


R = 2 R q R = R q /2 

0 5 10 15 20 1 2 3 4 
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FIG. 3: (Color online) Case of a good conductor: Density 
plots of the ratio Sr(co, aide) of the backscattering current 
noise for R 7 ! 0 to the same quantity at R = 0 (no envi¬ 
ronment) as function of huo/Eg and hiOdc/Eg for R = 2 R q 
( K = 1/3) and R = R q / 2 ( K = 2/3) assuming kgT = 5Eg. 
Frequencies lu and uq c are kept below the high energy cutoff 
hu rc = 40 Eg. 

Figure [4] presents d c ) in the strong backscat¬ 

tering regime describing both a weakly transmitting con¬ 
ductor and the low energy behavior of a good conductor. 
At low temperature fcgT = Eb/ 10, a DCB of the noise 
is observed as expected from the DCB of the DC non¬ 
equilibrium current. 

Based on a generalized mapping b etween the DCB 
problem and a generalized TLL model^^l, we expect 
these conclusions on noise enhancement/reduction by en¬ 
vironmental effect to remain qualitatively valid for a lin¬ 
ear environment with a frequency dependent impedance. 

To conclude, we have obtained a non-equilibrium 
perturbative FDR relating the FF noise to the non¬ 
equilibrium DC current across a generic two-terminal 
quantum circuit. This model independent FDR unifies 
many previous results and only relies on three hypothe¬ 
ses among which a detailed balance condition in the limit 
of vanishing tunneling. Most importantly, this condi¬ 
tion is deeply related to the effective thermalization of 
the whole circuit, a question of first importance in meso¬ 
scopic thermodynamics 3 ^. This out of equilibrium FDR 
opens the way to numerous experiments: first of all, test- 


R = 2 R q R = Rg/2 

0 2e-9 4e-9 0 0.008 0.016 



FIG. 4: (Color online) Weakly transmitting regime: Density 
plot of the ratio Sr(oj, cade) of the transmitted current noise 
for R ^ 0 to the same quantity at R = 0 (no environment) as 
function of huj/Eg and hwdc/Eg for R = 2 R q ( K = 1/3) and 
R = Rq/2 ( K = 2/3) for huigc = 40 Eg and kgT = Eg/ 10. 
The plot is limited to energy scales below Eg to explore the 
vicinity of the IR fixed point of the TLL model. 


ing it on complex nano-structures such as quantum dots 
would check the basic hypotheses (i) — (in). Our FDR 
can also be used to determine whether one measures the 
symmetrized or non-symmetrized noise when accessing 
only the emission part of the noise spectrum (w > 0}®. 
Finally, our non-equilibrium FDR and its generalization 
to AC biaP 1: ' provide complementary methods to mea¬ 
sure the effective tunneling charge q in addition to these 
proposed in Ref® 
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Appendix A: Derivation of the Fluctuation 
Dissipation Relation 

The first step is to compute, to the lowest relevant 
order in perturbation theory, both the average current 
(J(t)) and current correlations defined in the time domain 

by 

Si{t,t') = (I{t)I(t'))-(I{t))(I(t')) (Al) 

Eq. ( |A1| ) defines a quantum (non-symmetrized) correla¬ 
tion function which, in full generality, is not symmetric 
with respect to t fA t!. The non-symmetrized current 
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noise at finite frequency is then defined by 


the current noise is finally given by: 


Si M = 


/ e^sAt- 7 -. 

,t+A 

/-oo V 2 

2/ 


dr 


(A2) 


where S/(f — r/2, t + r/2) denotes the time average over 
t = (t + t')/2 of Si(t,t') arising from the long acquisition 
time of the noise signal. With this definition, the emis¬ 
sion noise corresponds to u> > 0 whereas the absorption 
noise corresponds to u < 0. Generic current noise mea¬ 
surement corresponds to emission noise measurement's 
but it is now possible to access the full non-symmetrized 
noise by exploiting the photo-assisted tunneling of quasi¬ 
particles across an on-chip superconductor-insulator- 
superconductor junction 41 44 . In the recently performed 
experime nts o n the dynamical Coulomb blockade of 
the nois c! 20|22 J , the detection setup accesses the non- 
symmetrized excess noise due to the AC bias of the quan¬ 
tum circuit even if the final detection stage is a standard 
power measurement. 


1. Perturbation theory 

Results are most easily obtained by going into the in- 
teration representation with respect to the Hamlitlonien 
TLq (no tunneling) and expand the evolution operators 
in powers of the operators Ao(f) and A^t') which in¬ 
clude environmental phases, expressed in the interaction 
scheme with respect to the Hamiltonian ’Ho- 

a. The average current The zero-th order term triv¬ 
ially vanishes and, at the lowest non-trivial order, half of 
the terms involve either two operators A or two operators 
A 1 . These terms are assumed to vanish due to hypothesis 
(ii). The remaining terms involve exactly one A and one 
A t operator. They can therefore be expressed in terms 
of the two correlators: 

X>(t,t') = Tr(A 0 (t)p 0 Al(t')) (A3a) 

= W(4(f)p 0 A(O)- (A3b) 

Consequently, at lowest order, under our hypotheses, the 
average current at time t is obtained as 

TO = ~^ Jo E ^ E W*( X< W^- X> (*• O) di 7 

(A4a) 

+ Jj f E{t'yE{t){X>{t,t') - X<(t,E))dt'. 

(A4b) 

b. Current noise Let us now turn to the current 
noise. In this case, the second order in perturbation the¬ 
ory is obtained without expanding the evolution opera¬ 
tors since we have already products of two operators A 
and AE Since the product (I(t))(I(t')) is at fourth order, 


= j- (E(t)*E(t , )X > {t , ,t) + E{t , )*E(t)X < (t , ,t)) . 

(A5) 

Although these relations are valid for a general time 
dependent voltage and are thus relevant for discussing 
photo-assisted noise and current, we shall now focus on 
the stationary regime where V(t) = V and therefore 
E(t) oc e _laJdct . As we shall see now, the above ex¬ 
pressions will simplify and provide an explicit FDR re¬ 
lating the noise spectrum of the quantum noise to the 
non-equilibrium dc characteristic of the conductor. 


2. Stationary case 


In the stationary case, the tunneling correlators 
X > (t,t') and X < (t,t') only depend on the difference 
t — t — t!. Introducing the Fourier transforms 


x>( w ) = 

r+oo 

/ x> I 

J — oo 

& 

-D e '" TdT 

(A6a) 

x<( w ) = 

r+oc 

/ x< I 

J — oo 

(i- 

-i) ^ 

(A6b) 


and using Eqs. (A4), the non-equilibrium DC current is 
obtained as (wd c = qV/ti): 


/(w dc) = (X<{-u Aa ) - X>(tu dc )) . (A7) 

Substituting Eq. ( |A2[ ) into Eq. ( |A5| ) then leads to the FF 
noise: 

Si(u>) = ^ {X < (oj — Wdc) + X > (to + Wdc)) ■ (A8) 


The detailed balance (hypothesis (iii)) relates the occu¬ 
pation probabilities pi of the many body eigenstates | J) 
of the circuit with energies Ej in the limit of vanishing 
tunneling: 


EL _ e -(E,-Ej)/feT 
PJ 


(A9) 


Using (A9) within the Kallen-Lehmann spectral repre¬ 
sentation of X > (t,t') and X < {t,t'), the Fourier trans¬ 
forms X > (uj) and X < (—lj) can be related through 


X<(-w) = e Hu/kBT X > (u ). (A10) 


This enables us to express X > (u) as well as X < (—uj) in 
terms of the dc out of equilibrium current: 

qX > (uj) = H 2 N(u})I(co) (Alla) 

qX<(-uj) = h 2 {N{uj) + 1) I(u>) (Allb) 

where N(oj) = ( e hui / k B T ^ l) -1 denotes the Bose occu¬ 
pation number and, in the above expressions, this ex¬ 
pression is also used to define N(co) oj < 0. Substituting 
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Eq. (All) into Eq. (A8) leads to our main result, i.e. the 
expression of the FF noise in terms of the out of equilib¬ 
rium dc current: 


Si (w) = q (N(id dc + id) I (id dc + id) 

+ (1 + N (iddc — Id)) I (id dc — Id)) . (A12) 


Appendix B: The Tomonaga Luttinger barrier 
problem 

1. Presentation of the problem 

The problem of a single localized barrier in the TLL 
has been originally studied by Kane and Fisher within 
a renormalization group approach 6 . In the interacting 
case (K ^ 1), their work has revealed a phase diagram 
showing an UV and an IR fixed point respectively cor¬ 
responding to a fully transmitting conductor and a dis¬ 
connected conductor. These fixed points exchange their 
stability between the repulsive case AT < 1 and the at¬ 
tractive case K > 1. In the repulsive case, the UV fixed 
point is unstable whereas the IR fixed point is stable, 
thus implying that the effective barrier diverges at low 
energies whereas it vanishes at low energies. 

A full solution of the problem has been provided in 
the non-equilibrium stationary case using the thermo¬ 
dynamical Bethe ansatz technique, thus allowing a full 
interpolation between these two fixed points and explicit 
predictions for the non-equilibrium current and the low 
frequency noisd^U^Jwith natural applications to the frac¬ 
tional quantum Hall effect (FQHE^l. Further work has 
led to the determination of the full counting statistics 
of the change flowing across a quantum point contact in 
the FQHEpSO and in the TLLP^. More recently, an exact 
description of non-equilibrium fixed points of quantum 
impurity models suitable for treating time-dependant 
problems has been proposed^ and may open a non- 
perturbative approach to generalize or go beyond the 
perturbative results discussed here. 

In the present letter, we shall only use perturbative 
results for the out of equilibrium current in the vicinity of 
both fixed points. Such explicit perturbative expressions 
have been obtained for the non-equilibrium current in the 
vicinity of the UV fixed point by Chamon et aP^ but the 
duality of the local barrier problem in a TLl! 51 ^ enables 
us to use similar expressions close to the IR fixed point 
provided one replaces K by 1/A'. 


2. The weak backscattering regime 

In this regime, the barrier is modeled by a localized po¬ 
tential described by a localized potential vb■ The model 
also has a high frequency cutoff denoted here by wrc ■ A 
relation between microscopic parameters v b and wrc and 
measurable quantities is obtained by considering AT = 1 


which corresponds to the bare conductor (R = 0 in the 
DCB problem). Then denoting T = Gk=i(T) which in¬ 
deed does not depend anymore on the temperature, we 
find: 

r=1 -<™£ ( Bi) 

wrc 

Let us now consider K < 1 directly relevant for the weak 
backscattering regime since K = (1 + R/R q )~ lla . 

At first non-trivial order in perturbation theory, the 
total current flowing across the barrier contains a weak 
backscattering correction to the bare current q 2 KV/h: 


where 


Fk(z) 


sinh (z/ 2) |T (K + J|) 
z /2 F(A') 2 


(B2) 

(B3) 


and Gk(T) is a dimensionless backscattering conduc¬ 
tance whose expression depends on the cutoff as well as 
on the potential of the barrier: 


(B4) 

r(2 K) URC \irk B Tj 


Using Eq. (B1), we can then reexpress the dimensionless 


backscattering linear conductance Gk(T ) in presence of 
interactions in terms of the temperature and of the en¬ 
ergy scale Eb associated with the barrier: 


G k (T) = 


Iw 

Y(2K) 


m 


2(1 -K) 


(B5) 


where Eb is related to the microscopic parameters 
through the relation 

E b = fud RC (1 - T) 1/2{l ~ K) . (B6) 


valid in the limit T ~ 1. 


3. The strong backscattering regime 

In the strong backscattering regime, the system is mod¬ 
eled by two half infinite ID TLLs coupled by a tunneling 
barrier described by a tunneling amplitude T. At the IR 
fixed point (T = 0), no current flows across the barrier. 
When switching on tunneling, current can flow but, at 
zero temperature, interactions lead to a non-linear non¬ 
equilibrium current in terms of the dc bia^Sl. At non 
zero temperature, a temperature dependent linear con¬ 
ductance can still be defined and vanishes with tempera¬ 
ture/ Nevertheless, second order perturbation theory in T 
leads to the following expression for the non-equilibrium 
current: 

/(V.TlA^ITK^A) (B7) 
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where T-\ /k(z) is given by Eq. (B3) remplacing K by 
1/K and G\/k[T) denotes the linear conductance at fi¬ 
nite temperature T whose expression is g iven by substi¬ 
tuting K by 1/K and v b by T in Eq. (B5). As expected, 
Gi/k(T) vanishes at low temperature for K < 1. 


4. Limitations to the perturbative approach for a 
good conductor 


Here we discuss how the breakdown of perturbation 
theory manifests itself in predictions of the FF noise de¬ 
duced from Eq. (A12). Let us consider here the case of a 
good conductor, keeping \hui\ and \qV\ smaller than the 
high energy cutoff Swrc- 


In order to see the breakdown of perturbation theory 
when one leaves the vicinity of the UV fixed point of 
the TLL barrier problem, let us lower the temperature, 
starting from ksT > Eb■ Fig. [5] depicts the prediction 


for the dimensionless ratio 


c / \ SR,T(u,u] dc ) 

Sr(u,u ) dc ) - p-7-r (B8) 

<->.R=0,T(W, UJdc) 

associated with the backscattering current for three val¬ 
ues of the temperature: ksT/Es = 2, 0.5 and 0.1. 

Fig. [5] clearly shows the signs of a divergence along in 
diagonal bands | u> — |wd c || 1$ Eb/H when decreasing the 
temperature below Es/ks ■ This is a signature of the 
breakdown of perturbation theory since, in this region, 
when ksT becomes smaller than Eb , all energy scales 
involved in the non-equilibrium current become smaller 
than Eb- This is precisely the regime where perturba¬ 
tion theory close to the UV fixed point is expected to 
break down in the TLL barrier problem. Infrared diver¬ 
gences appearing along the diagonal band expresses the 
divergence of the low energy fluctuations associated with 
neutral excitations (e/h pairs). 
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